A class of simple delay systems. described by a fmt-ordcr, autonomous, differential equation with a time &lay, is shown in this paper to be able to simulate or produce continuous-time chaos. A set of conditions is postulated for such systems to behave chaotically. A sinusoidal delay function is given as an example to illustrate the system.
. Intraludon
Deterministic chaos is an interesting subject of dynamic systems and has been widely studied during the last two decades. Many The system &.scribed by equations (1) and (2) x' =ma, r l < x' c rz. such that x <&J) for 0 < x < x' and x >fi,x) for x > x'; x" is an equilibrium point of the system and 9 ) !ff@,xE)I > 1 and !f'(p.x:)I > 1. Conditions 4) to 7) imply the existence and uniqueness of the equilibrium point f for x > 0.
Chaos may be produced for the s y e m (1) by adjusting the parameter p and/or time delay T in the delay function fi,nt-). The systems studied by Fowler 
Conclusions
Consider the following delay function:
where p 0. f @ , x ) meets all of the conditions postulated in the last section for certain p. Introducing the delay function into the differential-difference system (1) yields:
Take E = 0.05 and the time delay z = 1 as an example. The system can be solved by numerical integration for any given initial condition over the time interval [-T, 01. l h e initial condition is assumed to be constant equai to 0.01 over [ -~, 0 ] for simplicity. The integration step is set to be 0.001 time unit. The equation (4) is numerically solved for various values of p to illustrate the effect of the parameter p on the system dynamics. For each specific p , the first 2 x IO4 steps are discarded to allow the trajectory to fall to the system attractor. The system state, x , is recorded each 0.03 time unit. A typical system response x(t) is depicted in Figure 1 forp = 3.14. The complicated dynamic behaviors of the system can be clearly observed from the figure.
ri-=-x+psinn,, .
Spectrum analysis was performed for the time series, as shown in Figures 1, to confirm that the system behaviors are chaotic. Fast Fourier transformation (FFT) was imposed on a selected set of time series data over IO5 integration steps. Figure 2 shows the power spectrum of the system state, x(t), versus frequency. The spectrum has a continuous, noise-like, broad-band nature. The spectrum also contains spikes at frequency of about 0.53 cycles per time unit and other frequencies, indicating the predominant frequencies of the system state. This type of noise-like spectrum as shown in Figure 2 is a common characteristic of chaotic systems. Therefore, the simple delay system (4) is chaotic for the specific p and T. , are given to justify the above statement without proof due to the space limitation:
! R else.
Time delay, which increases system complexities, has been shown to result in complicated chaotic dynamcs i n some cases. A class of simple delay systems modeled by a first-order, autonomous, continuous-time, differential equation with a time delay may be used to simulate or produce chaos. A set of conditions has been postulated for the delay system to behave chaotically. Chaotic behaviors can be obtained by adjusting the delay as well as the parameter in the nonlinear delay function of the system. A delay system example with a sinusoidal delay function has been analyzed and demonstrated with simulations.
